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ABSTRACT

We consider a large number of agents collaborating on a
multi-armed bandit problem with a large number of arms.
We present an algorithm which improves upon the Gossip-
Insert-Eliminate method of Chawla et al. [3]. We provide a
regret bound which shows that our algorithm is asymptot-
ically optimal and present empirical results demonstrating
lower regret on simulated data.

1. INTRODUCTION

The classical stochastic multi-armed bandit problem is
specified by a collection of probability distributions { Py},
commonly referred to as arms. There is a single agent which
plays an arm I; in [K] := {1,...,K} at each time step
t € [T] and receives an associated reward Xy ~ Pr,. The
agent’s goal is to minimise the expected regret E[Rr] =
Tu* =Y E[X,], where p* is the largest mean of the arms.
The agent’s decisions must be made using only the knowl-
edge acquired from previous actions and observed rewards.
A fundamental lower bound on the regret incurred by any
bandit algorithm is proved in [7].

Motivated by applications in distributed computing, we
consider a collection of agents collaborating on a multi-
armed bandit problem [11, 3]. Agents may communicate
with one another, and an agent’s decision of which arm to
play is made using information derived both from their own
reward history, and from the sequence of messages received
from other agents. However, communication between agents
is tightly restricted as described in Section 2. Specifically,
time is divided into growing phases and each agent may re-
ceive only one message per phase. Furthermore, a message
is limited to recommending the id of a single arm; no addi-
tional information may be exchanged. We show in Theorem
3.1 that, even with these restrictions on communication, it
is possible to asymptotically match the optimal total regret
achievable with unlimited communication.

There has recently been growing interest in multi-agent
bandits. A setting in which agents communicate with a cen-
tral node is considered in [6], while [12, 2, 10, 4] consider
settings where agents can communicate rewards (not just
arm ids) with their neighbours. We follow the setting intro-
duced in [11, 3] where agents may only communicate arm
ids. In recent work, [1] introduced a method for achieving
minimax optimal regret in this setting.
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In this work, we consider a different direction and intro-
duce an algorithm (Algorithm 1) which achieves asymptot-
ically optimal instance-dependent regret in the distributed
setting (Theorem 3.1). This leads to the surprising conclu-
sion that, in the asymptotic regime, it is possible to perform
on a par with algorithms with access to unlimited commu-
nication, whilst maintaining the communication constraints
of [3, 11]. We also present empirical results demonstrating
performance on simulated data (Figures 1, 2).

2. SETTING AND ALGORITHM

We now present our problem setting and algorithm. There
are N agents, T' time steps, and K arms. Let X;’, € {0,1}
denote the reward that agent n € [N] receives by playing
arm k € [K] for the s™ time. We assume that these are
ii.d. Bernoulli(ur) random variables. Let k. € argmax u
and let p. = pr, = maxpe(k] pk. We assume throughout
that there is a unique best arm, so k. is uniquely defined.

Communication between agents is constrained by a strictly
increasing sequence (4;)jen and an N x N probability ma-
trix P as follows. The time horizon [T7] is partitioned into
phases, with phase j consisting of time steps ¢ for which
Aj—1 <t < Aj where Ap := 0. Communication between
agents only occurs once a phase, on time steps A;. On this
time step agents request a message from their neighbours.
The communicating agent is selected randomly according to
P, with P(n,q) denoting the probability that agent n will
receive a message from agent ¢ at the end of each phase j.
We let Q = Q7 ~ P(n,-) be the random variable corre-
sponding to the agent who sends a message to agent n at
the end of phase j. This message must take the form of an
arm recommendation O, taking values in [K].

Let I* € [K] denote the random variable which specifies
the index of the arm played by agent n in round ¢. This
must be a measurable function of an agent’s previous reward
history and the previous messages they have received. We let
Vit (t) :== >°L_, 1{I? = k} denote the number of times agent
n plays arm k in the first ¢ rounds. Let X" (¢) := X}L{L‘vmt)
denote the reward received by agent n in round t. '

The goal of each agent n € [N] is to minimise their ex-
pected regret,

Rp =T p" = Y E[X"(t)
te[T)

Our algorithm (Algorithm 1) is based on the Gossip-Insert-
Eliminate algorithm of [3]. Let {S¢},e[n) be an arbitrary
partition of the set of arms [K]. We assume that each agent
n is aware of S7', its own set of arms within the parti-



tion, a priori. In each phase j, agent n will consider arms
from a set S} D Si'. Let fiy . == 137 | Xi',. Denote by
g (t) = ﬂzykn(t) the mean reward obtained by agent n from
arm k in the first ¢ time steps.

We let M;" denote the most played arm by agent n in
phase j so Mj" € argmax, ¢ x{Vi'(4;) — Vi'(4;-1)}. Fol-
lowing [3], when an agent g € [N] is asked for an arm rec-
ommendation at the end of phase j, its recommendation
will be its most played arm for that phase. Hence, when
Q = Q} ~ P(n,-) communicates with agent n € [N] at the
end of phase j, the recommendation will be O} = M jQ.

Algorithm 1 makes two modifications to GolE from [3].
Firstly, we use tighter KL based confidence intervals, fol-
lowing [5]. Secondly, we use a more efficient elimination
scheme. To define our KL upper confidence bounds we first
let d : [0,1]> — R be the Kullback-Leibler divergence for
two Bernoulli random variables and introduce a function
fa(t) = 1 4 t*log®(t) indexed by a. The upper confidence
bound for arm k at agent n at time ¢ is defined by

Uk, (t—1) := max {u €[0,1] : d(fir (t — 1),u) < I‘Zgn(écia_(?i}

when V" (t—1) > 0 and U (t—1) := oo otherwise. When « is
clear from context we suppress it for notational convenience.

Algorithm 1: Asymptotically Optimal Gossiping
Bandits (AOGB)
1 j < 1and ST < S¢
2 for t € Ndo
I" < argmax; cgn Up (2 — 1)
J
if t == A; then
Q < P(i,) and O} = M
Sy < Sg U{07, M}
j+—J+1
end
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end

3. REGRET BOUND

We now present our asymptotically optimal regret bound
for Algorithm 1.

THEOREM 3.1. Suppose that P has a strongly connected
graph and there exist C > 1, 0 > 0 such that C715% <
A —Aj1 < Cj% for all j € N. Suppose that all agents
select arms with Algorithm 1 with « = 1. Then for each
agent n € [N] we have the asymptotic bound

n

lim sup RZ_, < Z 75* — Kk .
Toeo logT = &, | Al pis)

Note that by summing over the regrets of the different
agents the regret bound above matches the lower bound for
the full communication setting implied by [7].

The proof of Theorem 3.1 hinges upon a random time 7
which corresponds to the phase after which all of the active
sets S} become fixed. After this random time all of the ac-
tive sets become Sg U {k.}, which leads to an asymptotic
regret bound for agent n governed by the relationship be-
tween pp and p. for k € [K]. The crucial difficulty then is

to bound E[A*], the expected time until the end of phase 7.
To bound E[A;] we show that, provided the phase lengths
Aj; — Aj—1 are sufficiently large in relationship to the gap,
the probability of a sub-optimal arm being the most played,
and subsequently being recommended decays exponentially.

4. NUMERICAL RESULTS

Here we will compare algorithm 1 and the GosInE algo-
rithm on a range of synthetic data. We trial variants of
both of these algorithms using sub-gaussian and KL upper
confidence bounds. For GosInE, the sub-gaussian and KL
variants are respectively labelled UCB-GIE and KLUCB-
GIE and for algorithm 1, they are labelled GIE-FE (Gossip-
Insert-Eliminate with Fast Elimination) and AOGB.

All the experiments are run with N = 20 nodes, K = 50
arms and phases growing cubically, i.e., A; = j3. Each ex-
periment consists of 100 independent runs, and in each run
the regret is averaged over the nodes. In each experiment,
the algorithms encounter the same reward sequence. The
first two experiments assume the agents are connected via
a complete graph, while the third experiment compares dif-
ferent graphs. We compute the regret over a time horizon of
T = 100,000 and plot the mean along with 95% confidence
intervals.

Choice of a:  We begin by comparing algorithm 1 and Go-
sInE for the two different types of upper confidence bounds
by varying the exploration function f(t) = 1 4 t*log?(t)
by choosing different values for . From figure 1 we identify
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Figure 1: Regret for different choices of a with
u« = 0.9 and the rest of the arms divide the interval
[0.2,0.8] uniformly.

that algorithm 1 and GosInE perform better when equipped
with KL upper confidence bound. Additionally, algorithm 1
outperforms GosInE when they are both equipped with the
same upper confidence bounds. Overall, performance is bet-
ter for the smaller values of o and regret is minimised some-
where in the region a < 1. This implies that there may
be more practical choices for fo(¢) than the asymptotically
optimal choice at a = 1.

Amin vs Regret: Now we consider the affect of changing
the sub-optimality gap Amin. This is the difference between
the mean of the best arm and the second best arm. Fig-
ure 2 compares algorithm 1 and the GosInE algorithm for
both types of confidence intervals. Similarly to the previous
experiment, we observe that both algorithms perform bet-
ter when equipped with the KL upper confidence bounds
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Figure 2: Regret for different choices of A, with
a = 1. The best arm has mean p, = 0.9 and the
rest of the arms divide the interval [0.9 — Anin, 0.2]
uniformly.

and that algorithm 1 typically outperforms GosInE on aver-
age when they are equipped with the same upper confidence
bounds.

Network Configurations: Here, we compare three dif-
ferent network configurations for agents implementing algo-
rithm 1: a complete graph, a cycle graph and a star graph.
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Figure 3: Regret over time for three different net-
works. Each in case we consider a = 1, Anin = 0.1
and the means of the remaining arms divide the in-
terval [0.8,0.2] uniformly.

The results in figure 3 show that the cycle graph per-
forms slightly worse than the complete graph but the star
graph struggles significantly along with a larger variance.
In essence, this is because the best arm needs to spread to
centre of the star before it can spread to all of the other
nodes.

5. DISCUSSION

In this paper we presented an algorithm (Algorithm 1)
for multi-agent bandits in a decentralised setting. Our al-
gorithm builds upon the Gossip-Insert-Eliminate algorithm
of [3] by making two modifications. First, we use tighter
confidence intervals inspired by [5]. Second, we use a faster
elimination scheme for reducing the number of arms that
must be explored by an agent. Both modifications yield

significant empirical improvement on simulated data (Fig-
ure 2). Finally, we prove a regret bound (Theorem 3.1)
which demonstrates asymptotically optimal performance of
our algorithm, matching the asymptotic performance of a
collection of agents with unlimited communication.

There is substantial scope for future work in this direction.
One challenge of great practical importance is the develop-
ment of distributed algorithms which are robust to both
malicious agents and faulty communication [9]. An interest-
ing theoretical challenge is to develop a multi-agent bandit
algorithm which is both asymptotically optimal and nearly
minimax optimal with limited communication. In very re-
cent work of [1] an algorithm has been proposed which is
minimax optimal in the distributed setting, and it would be
interesting to synthesise this with the insights provided in
the current paper.
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7. APPENDIX I: PROOF OF THE ASYMPTOTIC REGRET BOUND

In this section we present the proof of Theorem 3.1. Throughout we restrict our attention to Algorithm 1 with & = 1 and
let f(t) := 1+ tlog?(t). For each k € [K] we let Ay := pi, — py and define Amin = minge(p (x.3 Ak > 0.
Next we recall some useful results from the bandit literature adapted to our setting. For each € € (0, Amin) and n € [N] we

define a random variable
n . n log(f(t))
o= teN: d s s —€) — ——=] <0,p,
K min { ?61%)5] (7 (,uk*, " e) S

where d(p,q) := d(p,q) - 1{p < q}.
LEMMA 7.1. For € € (0, Amin), max, ey E[x!'] < 2/€>.
PROOF. See [8, Lemma 10.7]. [

Next we define for each € € (0, Amin), n € [N], k € [K]\[k«],

Ve = XT:]I {d(ﬂﬁ,s,u* —e < w} .

S
s=1

LEMMA 7.2. For e € (0, Amin), and n € [N] we have

n . log f(T) 1
E < f _—2r 7+ .
[veis] ee(ol,gk—e) (d(,uk + & s — €) + 262

PROOF. See [8, Lemma 10.8]. [

Let k¢ := K . /o and for each agent n € [N] and phase j we define a Boolean random variable xj := 1{k. € S}', M} #
ks, Aj_1 > k3 }. For each n € [N] we define
Totap ;= min{j €N : Aj;_1 > ko, > g, x; =0}

~ ~n
Tstab = IMaX Tgtab
née[N]

~n . . A n ~
Topr i=Min{j > Tstab : k« € S} } — Totab
A Am
Fspr = Max 7.

P n€[N] spr

T 1= Tstab + 7A—spr-

LEMMA 7.3. For all phases j > 7 and all n € [N] we have S} = S5 U {k.}.
PRrOOF. For each n € [N] we see by induction that for all j > 73, + Tsap we have M = k. € S7. Moreover, since

Sy = Sg U{M}, MJ-Q} for some @ in [N] it follows that S} = S5 U {ks}, for all j > 7 = Tutab + Tepr. O

LEMMA T7.4. For each n € [N] and k € [K|\{k+«} we have

T . n n . n
Z 1{I} =k} < {mfee(mAm) {vie+nrl} ffk = SZ
t=As+1 0 if k ¢ S5

ProOF. By Lemma 7.3 First note that by Lemma 7.3 we have S} = Sg{k.} for all j > 7. In particular, this means
that Ij* ¢ S& U {k«} cannot occur for t > A; + 1. Now take € € (0, Amin) and consider k € SZ\[k.]. If I}' = k for some
t > (Ar +1) V k¢ then we must have Ug (¢t — 1) > Ug (¢t — 1) > p« — ¢, and hence,

< log(f() _ log(f(T))
SVEE-1) TV -1)

d(ﬂz,vg(t—mﬂ* —€)

and Vi (t) = V' (t — 1) + 1. Consequently, Zth(A++1)vKn 1{I}* = k} < ). The result follows by taking an infimum over
€€ (0,Amin). O

This leads to the following regret bound.

COROLLARY 7.5. For each n € [N], we have E[R}] < E[A:] + Zkesg\[k*] Ay infee(()’ Bagin ) {% + E%}

Proor. This follows from Lemmas 7.1, 7.2 and 7.4. [

For the remainder of the proof we must show that E[A;] may be bounded independently of T'.

2 Ry
LEMMA 7.6. For j € N s.t. Aj — Aj_1 > 5 (5 +3)log f(A;), we have E[x}] < -5 exp (—%).

A2 A2

min



PRrROOF. First observe that if xj = 1 then k. € S}, A;_1 > kg and M}" # k.. Since M}" # k. we deduce that for some
k € [K]\{k«} we have

A=A A=A
Vi(A) = Vi (Ajo) > Sl > D0
e(d) = Wds) 2 IS7] = K/N+3"

and so for some A;j_1 <t < A; we have s = V' (t — 1) > %—1and]{tzk so Up(t—1) > Ug, (t—1) as k. € S}.

Since t > Aj_1 > kg we deduce that Ug(t —1) > Ug (¢t —1) > pu« — Amin/2. Hence, by Pinsker’s inequality
~n Amin 2 ~ Amm Amin log(fa( )) lOg f( )
— L = — — <
Z(Mk,s fos +—5 ) 2(# (t—1)— 2 ) d(ukt D) pe = —5 ) Vn(t_l) p
Thus, for some k € [K]\{k.} and s > K/Tial -1,

Amin log f(AJ) Anmnin 1Og f(AJ) Amin
> = > — > Zmin
He ™ g 25 M T 95 M T

[k
since A; — A; 1 > x5 (% +3) log f(A;). Thus, by Hoeffding’s inequality we have

LD >, P [m;,s > puk + A%}

REIRIVR 5 A4 Aim1

N+3
sAZ,
<(K-1 ——=n
<ren X et
Aj—Aj_y
5> 1{(/1\43 -1
o SA?nin
<K Ay exp <778 ) ds
K/N¥3
8K A1211in(‘4j — Aj—l)
< — .
=zt ( 16(K/N +3)

O

In what follows we let pmin := min ({P(i,5)} jye(n2 \{0}) and diam(P) denote the maximum length of a directed path
between two distinct nodes corresponding to the graph induced by P. We note that diam(P) < oo if and only if P has a
strongly connected graph.

£
LEMMA 7.7. Suppose that P has a strongly connected graph. Then for £ € N, P(7spr > &) < N(1 — pf;ifnw))bdim(m 1J.

ProoF. Fix n € [N] and choose a sequence (¢;)ic[quioy € [K]? with ¢ < diam(P) and such that o = k., £, = n and
P(£;,£;—1) > 0 for each i € [q]. Note that the definition of diam(P) entails the existence of at least one such a sequence.
Recall that we let @} denote the node which sends a message to agent @ and the end of phase j. Let m = |£{/(2¢) — 1]

. . R 0 ) ) )
and observe that if for some jo € {7stab,.-.,7stab + 2mq} we have QjJ 0 = l;_jo-1 for 5 € {jo+ 1,...,50 + ¢} then
Tapr + Tstab < Jo + ¢ < & + Tstan, so . Hence, we have

P75 > §) <P N U {Qﬁjfjo # Ej*jo*l}

J0—Tstab€{0,2q,...,2mq} j€{jo+1,....Jo+q}

= II P U {Qﬁ’;j“ 7 fj—jo—l}

Jo—Tstab€{0,2q,...,2mq} j€{jo+1,....50+q}

= 1-P Qi =i,

= j —%j—jo—-1
Jo—Tstab€{0,2q,...,2mq} j€{jo+1,....50+q}

_ 1— P ij—jo =l

= j — Yj—Jjo—1
Jo—Tstab €{0,2q,...,2mq} j€{jo+1,....j0+q}

) e
< (1 - pfmn)m <(1- p?r:?nm(P))demm(p) 1J.

The lemma now follows by the union bound over [N]. [

LEMMA 7.8. Suppose that there exist C > 1, 8 > 0 such that C~'5% < A; — A;_1 < Cj° for all j € N. Then we have
CUMH < A, <CA+ )P forall j € N.



Now define j(Amin) € N by

G (Amin) ::1+max({0}u{jeN :j9<§20 (%Jr?,) 1ogf(C(1+j)9)}).

min

Note that j(Amin) is always finite since f(t) = O(logt).

LEMMA 7.9. Suppose that there exist C > 1, 0 > 0 such that C715° < Aj —Aj1 < Cj% for all j € N. Then for all
€ > j(Amin) we have

A2 j@
P tab > ]P) 2 1+9 min
(T 2 €)= ZE[N} - Al ZeXp 16C(K/N +3)

ProoF. Fix n € [N] and suppose that 72t,, > €. Since 72, ;= min{j € N : A;_1 > x2,Vj > j, Xj» = 0} it follows that
either A¢_o < kg or xj =1 for some j > £. Note also that by the upper bound in Lemma 7.8 for j > £ > j(Amin) we have

Aj— A >C710 > Af ( +3) logf(C(lJrJ)) A82( +3)1ogf(Aj)-

min

Hence, by Lemmas 7.6 and the lower bound in 7.8 we have

P(#tan > &) S P(Ac 2 < k3)+ > E[X]]

jz€

<Pkl > C7HE—2)'T0) +

( A2 (A; — Ay 1))

Az, 2 16(K/N + 3)
P - 2)1+%) Afing’

< n min

< Peg > 7~ mm%”’( 16C K/N+3))

. B 8K Adin?’
gIP’(/io >C 1(5*2)1+0)+ A2 Se lexp (7m> dz-

min

Once again conclusion of the lemma follows by union bounding over n € [N]. [

PROPOSITION 7.10. Suppose that there exist C > 1, 6 > 0 such that C~1j% < A;j — A1 < Cj° for all j € N. Then

there exists a constant ¢ = ¢(Amin, C, 0, N, K, pmin, diam(P)) depending on Amin, C,0, N, K, Pmin, diam(P) but not T such
that E[A,] < ¢

PROOF. Given Az > ¢ > C(1 + 2j(Amin))'t? v C - {16diam(P)}'*? then 7 > (C/C)THF — 1, 50 Fapr V Futap > {(C/C) T+ —
1}/2 > j(Amin). Hence, for ¢ > ¢ = ¥ (Amin, C,0) := C(1 + QZ(Amm))Hg v C{16diam(P)}*?,

P42 2 ) <P (e 2 HG/0) ™ 1)) 4 (s > J (/)70 1))

1
. (¢/c)1+8
<N( _pdlam(P))L.i—ZJ 8KN

Adiam(P)

min

A2z 0
eXp _ min dZ
2>(¢/0)THT j2 2 ( 16C(K/N + 3)>

+ 3 B > {(/O) T /2 - 0

ne[N]
(/) THD SKN A2 0
< N(1— diam(P) 24d]am(p) + e <7 min )dZ
< N P ™) A%, >(</C)T10/2 2 P 16C(K/N + 3)
4 Z 1+€C) C)
neN

Note also that by Lemma 7.1 we have

DD Pks > (210)” = > DY PRTI0)kE >0 = (210 > Elky

AQ
n€eN (eN neN (eN neN min




Hence, we have

E[A:] <9+ > P(Ar =)

>y
1
: ©/e)I+e SK A2, Ze
<v+ N1 - pﬁ?:](m) 2Adiam(P)  — exp <—*> dz
sz:b A Jas /o) T a2 16C(K/N + 3)
+ 3 S P > (2'0) 77 ¢) =t ¢(Amin, C, 0, N, K, pmin, diam(P)) < oo,
n€[N] (=Y

for a finite constant ¢ = ¢(Amin, C, 0, N, K, Pmin, diam(P)) depending on Amin, C, 0, N, K, pmin, diam(P) but not 7. [

We can now complete the proof of the main result.

Proor OF THEOREM 3.1. The result follows from Corollary 7.5 combined with Proposition 7.10 by taking ¢ — 0. [



